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laminates due to transverse matrix-cracking:
an energy method approach
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Abstract—This study deals with transverse cracking in cross-ply laminates. A fracture mechanics
analysis, using a strain energy based criterion, was used to model the onsct of transverse matrix
cracking, and the conditions for further damage development. An admissible displacement field,
involving unknown functions was assumed, and the principle of minimum potential energy was used
to establish these functions. The crack front shape was a part of the assumed displacement field,
thus making it possible to minimise the strain energy with respect to the crack opening displacement
function. In this paper the aim was to establish a solution to the transverse cracking problem, to use
later in a numerical procedure for the viscoelastic damage predictions for a cross-ply laminate. The
model accounts for residual stresses. A number of finite element solutions were performed to verify
the accuracy of the presented analytical solution. Predictions of stiffness degradation due to matrix
cracking, and matrix cracking as a function of applied stress are presented.

Keywords: Damage mechanics; transverse cracking; energy methods; stiffness degradation; cross-ply
composites; residual stresses.

1. INTRODUCTION

The damage process of advanced high-performance composites is rather complex,
and consists of a variety of damage modes due to the heterogeneity of the composite.
Types of damage can be matrix cracking (intra-laminar), debonding between
fibre and matrix, or fibre fracture and delamination (inter-laminar) between plies.
Normally, the first mode of damage in cross-ply and angle-ply laminates is matrix
cracking in the off-axis plies, with cracks following the fibre direction. Matrix
cracks are observed during short and long term static, fatigue, and thermal loading,

*To whom correspondence should be addressed.
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or any combination of these load cases. The formation of matrix cracks often have
a relatively minor effect on the mechanical properties for very low crack densities,
but may have a large effect on the mechanical [1] and physical [2] properties of
the composite, as the crack density increases. Another undesirable effect is fluid
following the cracks through the laminate. One example is weeping in pipes and
leakage in pressure vessels, that might lead to catastrophic failure and environmental
hazards. The penetration of fluids in the composite can alter the long-term properties
and the all-over behaviour of the composite. Even if matrix cracks can be tolerated
in many applications for low crack densities, there might be cases where these
cracks act as starting points for further and more serious damage modes [3].

The occurrence of micro-cracking in fibre reinforced composite laminates has
resulted in numerous scientific studies covering this phenomenon. The analysis
of the increase in transverse cracks in a structure was initiated with the works of
Reifsnider [4] and Garret and Bailey [5]. They were the first to show that the crack
density increased monotonically, and reaches a saturation limit with a practically
uniform crack spacing. Bader et «l. [3] and Wang et al. [6, 7] demonstrated the
dependence of initiation of the first crack and its multiplication on the thickness
of the cracked structure. It then became essential to understand, and to be able
to model, the cracking process and the damage mechanisms. There has been
extensive research on the mathematical modelling of degradation of mechanical
and physical properties in laminated composites, due to transverse matrix cracks. It
is possible to divide these models into different types, depending on the approach
used.

1.1. Continuum damage mechanics

The total set of failure entities is termed as damage, and the failure entities of the
same orientation and same growth characteristics are grouped in one damage mode.
To each damage mode, a vector or a tensor field quantity is assigned. This quantity
represents an average effect of all failure entities of that mode, in a representative
volume element. Talreja [8] and Allen ef al. [9], were the first to apply this approach
to the matrix cracking problem. Allen er al. generalise all damage states into a
damage tensor. The most significant difference is that the damage, (ISV, the internal
state variable), in Talreja’s first model is a vector, and in Allen’s model a second
order tensor. Renard and Thionnet [10] introduced a scalar damage variable to
describe the transverse cracking. For continuum damage mechanics approaches,
the composite is then treated as a continuum, and one seeks to find constitutive
relations between stress, strain and damage. For the application of these methods,
a set of unknown damage constants must be determined experimentally, and the
method does not provide either stress or strain distributions in the cracked layer. It
uses no fracture mechanics or crack propagation theories, and therefore does not
make any prediction about damage propagation.
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1.2. Shear-lag models

Several shear-lag models [4, 5, 11-14] have been presented, based on different
assumptions. Garret and Bailey [5] presented a shear stress transfer coefficient,
while Reifsnider [4], and Laws and Dworak [11] were the first to introduce a
shear stress transfer layer. Physically, most of the approaches are to introduce a
shear stress transfer layer. The far-field tensile stress is transferred to the cracked
layer, via shear deformation of the thin boundary layer at the layer interface. The
procedure for shear-lag analysis is relatively simple, and results in a reasonably
accurate prediction of the stiffness reduction as a function of crack density. These
methods give good results when compared to experimental data, but suffer from
lack of generality, because it is not clear how to determine the boundary layer
thickness in a systematic way. The major disadvantage of this approach is that
the shear stiffness of the shear transfer layer is an unknown parameter, that must be
determined by fitting to experimental results.

1.3. Energy methods

These models are based on the principle of minimum potential or minimum
complementary energy, respectively. Hashin [15, 16] used the principle of minimum
complementary energy to calculate out-of-plane stresses and effective stiffness.
Hashin makes only on one assumption, saying that the x-axis tensile stresses
in each ply depend only x, and are independent of the thickness coordinate.
Nairn eral. [17, 18] extend the Hashin solution to also account for residual
stresses. Several authors have used the same principles as Hashin, but modified
the assumptions on the assumed stress field. Varna er al. [19] introduce a non-
uniform stress distribution in the layers, and also accounts for residual stresses.
Nairn and Hu [20] state that the improvement of Hashin’s analysis over the best
one-dimensional analysis is only marginal. Fang ef al. [21] assumed a displacement
field, and derived a variational solution by minimising the potential energy, but
they assume zero displacement in the thickness direction, which results in a one-
dimensional analysis. The accuracy of these approaches, however, depends on the
assumptions made regarding the stress or the displacement fields of each layer.

2. FRACTURE MECHANICS ANALYSIS

In the present work, several assumptions are made regarding the crack propagation.
It has been found that the first phase of damage development in a composite laminate
is matrix cracking, with increasing crack density during loading, which is typified
by development of a characteristic damage state (CDS), composed primarily of
matrix cracking in off-axis plies. For the current model, it is assumed that the
crack spacing is uniform, and that the crack density reaches a saturation limit,
the characteristic damage state. Only straight (no curved or oblique) microcracks
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are considered and no crack-tip delamination is accounted for, although these
phenomena have been observed in experiments [5, 21]. All laminates have inherent
processing flaws, and some of these flaws can initiate microcracks at lower strains
than expected. Varna and Berglund [25] have studied the crack propagation in
both width and thickness directions, and discussed the flaw size effects on the
propagation. Although the inherent material microflaws may be considered to
exist randomly in the laminate, the general characteristics of the macroscopic
matrix cracks are found to be highly dependent on the lamination geometry, such
as laminae stacking sequence and lamina thickness. Thus for a given laminate
under a given loading, the matrix cracking pattern is essentially mechanically
reproducible, with perhaps a certain statistical variation only. Wang et al. |26]
and Fukunaga er al. [28] proposed a stochastic model for probability functions
for flaw size and flaw distribution. In the present model, the cracks are assumed
to instantly form across the entire cross section. In thick 90° plies the crack
propagation is instantaneous across the entire cross section, but for thin 90°
plies the microcrack formation can be partially suppressed [30]. Some recent
finite element results show that the energy release rate is virtually independent
of the length of the propagating microcrack in width direction [28, 29]. By this
simplification it is possible to calculate the strain energy relcase rate by analysing
the energy released due to the formation of a complete microcrack, where 2t W
is the fracture area of a single microcrack. We therefore simplify the microcrack
damage problem by assuming that all microcracks instantaneously span the entire
cross-section of the 90° plies, i.e. a through-the-width and through-the-thickness
microcrack.

The energy release associated with the formation of a complete microcrack can be
written as a function of the change in the strain energy (AU) of the structure and the
total external work done (AU, ), during formation of the crack for constant load or
constant displacement conditions:

AUCX[_AU
Gi=\—%w—1 - (D
MW ),

We now postulate, as Parvizi et al. [30], that microcracks will form when the
energy released due to the formation of the microcrack exceeds some critical value,
i.e. the critical microcracking toughness of the material. It is now possible to
calculate the energies in equation (1) and calculate the G, from any approximate
stress analysis.

3. THEORETICAL MODEL

An exact solution to a practical problem such as transverse cracking is almost im-
posstble to obtain, but good approximate solutions give the qualitative features of
the stress, strain and displacement fields. To solve the transverse cracking prob-
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lem, a method based on the energy theorems of elasto-mechanics is applied. The
Kantrovich method introduce the calculus of variations [22, 23].

An energy method which is simple to use, also for a three-dimensional cracking
process such as in [+£60]s lay-ups, and to use as the elastic solution in a numerical
procedure for the viscoelastic damage predictions, in both cross-ply and angle-
ply structures, is to assume a displacement field for the cracked structure. The
complementary method is not used for several reasons. The most important is that
for lay-ups other than cross-plies, difficulties arises because of the cumbersome
nature of the complementary strain energy method, associated with assumed stress
functions and traction boundary conditions. It is easier to satisfy the continuity and
boundary conditions for a displacement field in a complex lay-up. Thus, a potential
energy approach is chosen as the best tool for analysing both cross-ply and angle-ply
structures. Aboudi [24] expanded the displacement field of a unit cell, representing
a structure with aligned cracks, in Legendre polynomials, and used the minimum
potential energy approach to calculate the effective elastic moduli. Aboudi’s model
gives approximately the same result as the shear-lag method, and requires higher
order expansion of the assumed displacement to increase the accuracy of the model.
Fang et al. [21] also used an assumed displacement field for the calculation of
the thermal stresses in cracked cross-ply laminate. They used the same principles
as Hashin, but derived a variational solution by minimising the potential energy.
Aboudi used a two-dimensional field and Fang et al. used a one-dimensional field.
All former energy methods approaches, both the complementary or the potential
energy approaches, assume either a parabolic stress distribution in the layers or a
parabolic crack opening displacement function, respectively. The current model
assumes a displacement field consisting of only unknown functions, and by using
the theorem of minimum potential energy under small admissible variations of the
displacement field, an approximate solution for the strain field in the unit cell is
found. Our model proposes a two-dimensional displacement field and, in addition,
allows for the crack front displacement shape to be determined from the variational
procedure. That implies the possibility of minimizing the potential energy with
respect to the crack opening displacement function. A two-dimensional analysis is
performed, but the third dimension enters by the assumption of plane stress, plane
strain or generalised plane strain conditions. We describe a plane stress solution,
but the plane strain or generalised plane strain solutions are trivially obtained by
substituting the reduced mechanical properties of the plane stress solution. Consider
a laminated composite structure built up by a number of 0° and 90° layers as
illustrated in Fig. 1a. The marked area in this figure is taken as a representative
element of the structure, and by use of symmetry considerations, the geometry
shown in Fig. 1b represent the unit cell of the damaged material. Three load
cases are to be considered. Figure 3a, b show the unit cell subjected to pure
mechanical loads, an applied stress or displacement condition. The second load
case is pure thermal loading Fig. 3c, d, and the third both thermal and mechanical
loading.
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Figure 1. (a) Cross-section of a [0, 905. 0]s lay-up, showing transverse cracks in the off-axis layers.
(b) The idealised unit cell.
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Figure 2. Displacement plot: deformed element mesh with boundary conditions.
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Figure 3. The unit cell subjected to three different load cases.

3.1. Mechanical loading

Assuming the xv-plane in Fig. 1b to remain plane, the displacement functions for
each of the two layers in Fig. 1b may be assumed as equation (2):

ullx,v) = i) + oM f(x),  uP(x,y) = i) + o (1) frlx),

i (. Ny on D ),
ulx,y) = ey, uPx,y) = egh e (v —n).

The three unknown functions and the two unknown constants, are determined
utilising the theorem of minimum potential energy. The ¢ (v)-function describes
the crack opening displacement, and must satisfy symmetry conditions on v = 0. It
is assumed that linear elastic behaviour will prevail, and that all deformations can
be considered small. For the geometry shown in Fig. 1, the boundary and continuity
conditions for the displacement field are given by equation (3). The superscripts,
(1), (2), refers to the cracked and uncracked layer, respectively.

u©0,v) =0,  uPx.1) =u?(x, 1),
w0,y =0,  ux, 1) =uP(x,1), 3)

' (x, 0) = 0.
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The potential energy U for the unit cell is given in equation (4):

1 ! 1
U— 5/0 (/0 (cr'\(_”ev(\_”+a.\(,”£.‘\,”+T,\(.>1,))/;".)> dy

n
+ / (a_,gz)gf) + G)(,Z)s;,z) + r;;“,’y‘f,)) dy) dx 4)

f1

— PulP (),
where the last term in equation (4) is the work done by the external force.
P = (1) + ) Wopplicd-

The out-of-plane dimension W is assumed to be unity. The stress/ strain relations in
the respective layers are given in equation (5):

ou,

1,2 _ 1212 1212
&x = ax g, Cip €y T 0y ey,
_ duy 12 1200, 1212 5
&= O, T = 8T ey &)
_ Oue duy 12 2
Vey = 9y Jx ’ xy T V66 y\'y ’
1.2 1,2 L .
where ¢\, ..., ¢, are the elastic stiffness coefficients.

The stress/strain relations inserted in equation (4) result in:
L ! (¢ ()2 (1) (1) (1) (O (112 (. (an2
U= 5 A A (OII (8); ) + 26'12 N + 5 (S)A ) + Cge (V-\;\' ) ) dy

ty+iz
T D (22 2) .(2) (2 2) ¢ (2)}2
[ ) P2 e ) ®

f
+ e (n2)’) dy} dx — Pul® ().

We now give the displacement field a small variation so that the boundary
conditions given by equation (3) are satisfied, i.e.:

u_il) — u'l 814‘(‘.“,
2 2
u? — u® +5u?, (7)

X

su'(0, y) = 8ul?(0, y) = 0.

The other conditions in equation (3) are automatically satisfied.

Among all admissible displacement variations du; (i.e. all variations that satisfy
symmetry and boundary conditions and are continuous over the element and at its
boundaries), the best approximation of the displacement field for the cross-section
is distinguished by:

sU =0. ®
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The variation of the potential energy due to an arbitrary, but admissible variation
of the displacement field is:

! I
M g | D )g.l De (DY 4 A (sl
8U=/O {A <C118§( )88;)4—612(8(\. )58.(‘,)—1-8; 'seM) + &5, 8.(».)58}.)

+ g visyl) dy
®

1+
2) 25,0 4 D (252 4 Q5.2 4 2252
+/ (c”gx 8, + ¢y (8786 +61786,7) 4 ¢y, e,78e]
1
)., 25, (2 2
+ Cog yx(y)Sy;y)) dy} dx — P - 8u® ().

From equation (2) we obtain the strain components and their variations for the
two layers:

el = fl(x) + ¢ () f5 (x). e = F10x) + o (1) (%),
gei!" = 8f1(x) + d(M3f;(x) 8@ = §f](x) + (1) £(x)

+ 8¢ (y) f1(x), +8¢(n) f5(x),

1) (1 2 5 2) (10)
el = gio’ sell = 58-\_0)’ eﬁ?) _ 8)}))’ s = 8¢,
i = ¢' ) f2(0), y@ =0, sy =0,
Syl = ¢'(M8f2(x) + 8" (1) fr(x).

For the displacement and its variation at distance x = [ we have:
u@ () = f1) + 1) o),
(11)

sulP() = 8£,(1) + ¢ )8f2(1) + 8p(t)) f(D).

Inserting equations (10), (11) into equation (9), and performing the integration
over the element volume gives a new expression for the variation of the potential
energy. According to the boundary conditions in equation (3), we have:

J1(0) =38£1(0) = f2(0) = 5£2(0) = 0. (12)

The §¢ (1)) term in equation (11) will vanish because the results will show that ¢ (¢,)
is constant, and its variation is therefore zero.
Thus, by this simplification, equation (9) can be written as:

!
3U = / (= (1] @) + aa fy ()81 (x)
0
— (e fy () + a3 fy (1) — aa fo(x))8f2(0)) dx
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+ fo (B + Bo(») + Badp ()8 () dy

+ (@ i) + e fi1) + el + w2e,0)8f1 (1) (13)
+ (@ f{ (D) + a3 Fi(D) + anely) + wie\0)8f2()
+ (w1 /1) + w3 o) + wsely)8e
+ (@2 /1) + ws o) + weely) 86y =0,
where the constants «|—wg (equation (14)) are dependent on the elements of the

stiffness matrix for each layer, the geometry of the unit cell and on the crack opening
displacement function.

o =11C§ll)+12C§21), W :C;lz)l‘l, ws ——C;;Z]/
0y = C(lll) (b(V) dy + l‘vqﬁ(ll)Cﬁ), Wy = C(lzo)l‘z, wq = C22 121,
(14)
a3 =) [ (@) dy + (o)’ e, wy =l [ ey,
o4 = Célﬁ) (¢ U)) dy, wq = Clg "L (1)),
83U must equal zero for all combinations of §f(x), §f>2(x), 58:3, 58(2) and 5¢(v).

Hence from equation (13) we obtain the following set of equations, that must be
solved in order to find the best approximation of the strain field. The governing
differential equations are:

o) fi (x) + o fy (x) =0,
oy f{/(xX) + a3 f3 (x) — g falx) =0, (15)
Bsd" (y) + Bop(¥) + 1 =0,

where

Bi=cll fo l@ A dx + el ey, Br=c)) [ f0) fax) da,

(16)
B3 = —cﬁﬁ) fo Jo(x) fa(x) dx,
and the conditions:
ai fi) +aafyD) +wiely +anely =0, (a)
CY?f]([)—I—Olzfz(/)-i-a)qS\O +w48\0 =0, (b)
(17)

o fill) + w3 fo(D) +wi8£10) =0, (©
(L)’)f] (1) + Wy fv([) + CL)(,E O (d)
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are natural conditions connected to ¢. This function should also obey the following
conditions at y = 0, i.e.:

¢0) =0, ¢'(0) = 0. (18)
The two coupled second order differential equations give for the f)(x) and f>(x):
£i) = —=2(Acosh(r,x) + B sinh(A,x)) + Cx + D,
o] ’ ’

(19)
f2(x) = Acosh(iyx) + Bsinh(A rx).

The solution of the second non-homogeneous ditferential equation for the crack
opening displacement function is:

d(y) = Ay sinh(Ayy) + By cosh(Ayy) + Cypy + Dy (20)
The parameters A, and A, in equations (19) and (20) are given by:
M= * o, Afpz_ﬁ2>0. (21)
’ o5 B3
o3 — —
o

The constants in equation (21) are given in equations (14) and (16). At x = 0, we
have a plane of symmetry, so that the constants A and D must be equal to zero.
Hence, the two f-functions are given by:

filx) = —%(3 sinh(%x)) + Cx,
l (22)
f2(x) = Bsinh(Xfx).

Note that Cx is the displacement function for the uniaxial case without cracks. The
function f}(x) can be written as:

.NM:—%ﬁm+Cm (23)
1

The function f>(x) can then be interpreted as a disturbing function, which describes
the effect of the crack at x = /.

The solution for ¢(y) is obtained by the necessary boundary conditions due to
symmetry at v = 0, and that the slope of the function is zero at the symmetry line.

o(y) = %(cosh(kw) - 1. (24)
[

The constant W, in the expression for the crack opening displacement function is
already taken into account in f)(x) and f>(x), so the correct shape function is:

¢ (y) = (cosh(hgy) — 1). (25)
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By inserting the solutions of the differential equations in equation (21), it is
found that A, = F(i4) and A, = G(Ay) are pure functions of A, and A,
respectively. Thus it is possible to solve the relation A, = F(G(xf)) by a simple
Newton—Raphson procedure. The parameters Ay and A4 in equations (16), (17) are
solved, and the solution is complete. Equation (21) shows that the parameters A ¢
and A4 are dependent on the length of the unit cell, i.e. the crack front shape function
changes as a function of crack density.

The obtained strain field is now used to find the total strain energy due to an
applied stress P/(¢,+1;) at x = /. The strain energy is given in Fig. 10 together with
numeric solutions. The results show a decrease in normalized strain energy towards
a limit (no load bearing capacity in the cracking layer) as the damage increases.
The solution scheme is easily modified to an applied strain condition (displacement
controlled test). All terms containing P vanish, and the natural conditions (c)
and (d) in equation (17) are unchanged.

The boundary condition at x = [ and its variation gives:

U@y = f1l) + (1) fo(1) = ug,
Su' (1) = 8£1(1) + 8¢ (1)) fo1) + P (1) f2(1) = Sug =0, (26)
Sfil) = —p(1)3f(D).

Equation (26) couples the natural boundary conditions (a) and (b) in equation (17),
and leads to a new natural boundary condition:

(2 = ¢ (D) + (@ = p(r)aa) f5()
+ (03 — p(1)@1)e g + (s — P(1)an)ely = 0. 27

Thus for an prescribed strain condition, equations (26), (27) and equations (17) ¢, d
are used instead of equations (17) a, b, ¢, d. The differential equations are un-
changed.

3.2. Thermal load solution

Assume the laminate to be stress free at temperature Trp, and let AT denote the
temperature change to a lower temperature level Ty. Due to the mismatch between
the longitudinal and transverse coefficient of thermal expansion, residual stresses
will build up in each ply, and deform the laminate depending on AT. When the
temperature change is sufficiently large, microcracks will form in the laminate
because of the thermal stress field. The cracking process will relieve some of the
thermal stresses, and induce additional deformations of the laminate. Thus, for a
constant temperature change, the displacement at x =/ (u7,, in Fig. 3¢), will change
as a function of crack density, i.e. the longitudinal coefficient of thermal expansion
is a function of crack density.

To account for the residual stresses, due to cooling from the stress-free temper-
ature, a separate analysis must be carried out. The solution procedure is the same
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as for the pure mechanical load case, but the boundary conditions are changed. Let
us assume for the uncracked structure, that residual stresses, independent of y, are
present in both layers. An initial strain field "¢;; (x, y) depending on AT, is cre-
ated, as shown in Fig. 3c. By introducing a crack, a stress-free surface is introduced
in the structure. To simulate the cracking process, two load cases must be solved.
We now set AT = 0, i.e. no residual stresses are present in the structure. The initial
residual stress re“a_f,(])) is then applied to the crack surface at x = /, as a mechanical
load, together with a stress of opposite sign o ( ) o acting on the uncracked layer,
to provide the force equilibrium for the cross sectlon at x = [ (see Fig. 3d). (Ther-
mal loads create no resultant forces, when no restraints are acting on the structure.)
Thus, a strain field (T(g ,€i(x, y) due to the residual stresses applied at the boundary
x = [ is obtained. The superposition of the strain fields for the two load cases above
give the resultant strain field for the cracked structure subjected to pure thermal
loading.

_TH
e +<am i) = i) (28)

To provide a general solution for the thermal cracking strain field, let us assume
a structure (/ = Iy) with a crack at x = /. For a cracked structure, the residual
stresses are no longer uniform through the thickness. The reduced non-uniform
residual stresses are calculated at the initiation point for the next crack, i.e. at x = 0.
We now introduce a crack at x = 0, and let these stresses act on the crack surface,
at x = [, for the new structure (/ = /y/2). In the expression for the potential energy,
the work done by the residual stresses acting on the boundaries at x = / must be
taken into account. Thus, the potential energy can be written as:

0= [ [ G 2t e 4 )
0 0 V
1
o [ () e+ B
n

(29)

+ o () )dY}dx

{ ty+t
—fdwﬁwwwww—/ o200, yud, y) dy.
0

4l

By minimising the potential energy with respect to the unknown functions, f(x),
fr(x), 8510), % and ¢(v) we obtain an approximate solution for the strain field
due to the non-uniform residual stresses at x = /. By superposition of this strain
field and the strain field obtained from the previous damage state, the total strain
field is obtained. By inserting this thermal strain field, referred to as ¢;; (x, y),
into the potential energy, the strain energy U due to a temperature change
is obtained. The thermal strain energy as a function of crack density is given
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in Fig. 1. Asexpected, the strain energy will decrease rapidly to zero as the damage
increases.

3.3. The combined mechanical and thermal loading

The total strain energy for the combined load case is found by superposition of the
two subsolutions (a + ¢ + d) — (displacement controlled), or (b + ¢ + d) — (load
controlled) in Fig. 3, i.e. the sum of mechanical and thermal strains.
T&‘,‘j = THE,‘j + M&‘,’j. (30)
In a linear elastic analysis, the strains are additive, but the strain energies are not.
The updated strain field in equation (30), is used to calculate the total strain energy
of the unit cell, including the presence of residual stresses. The expression for the
elastic strain energy is written in terms of the updated strain field:
1
U= /, ;C,’jk/j(THS,'j + M&‘,‘j)(TH&‘k] + ME/\[) dv. (31)

Thus two sub-analyses must be performed to account for the residual stresses.
The total force P* in load case d in Fig. 3 is given by equation (32) and the sum
of the stresses at the boundary must be equal but of opposite sign in the two layers.

I 1+
P* = f ol vy dy = / a2, y)dy. (32)
0 1

4. FRACTURE CRITERIA

The determination of the strain field and the respective strain energy in the section
above can be used for a linear elastic fracture mechanics (LEFM) based criterion
for damage development. The energy of the unit cell, for increasing applied
stress or strain, at different crack densities, can be calculated resulting in the
curve spectrum in Fig. 8. The upper and lower limits can be looked upon as the
uncracked response, and the saturation limit response. For the first damage state, a
change in the energy AU is observed, i.e. the energy required to create the crack
surface 2t; W. By the energy approach, the microcrack will form when the energy
release rate on forming that microcrack reaches the critical energy release rate, or
the microcracking fracture toughness for the material system. According to the
assumption of equally spaced cracks, the next damage state will form when the
possible energy released reaches AUjy. Cracks are allowed to form until there is not
enough stored to create new crack surfaces.

5. RESULTS AND DISCUSSION

In this section we define the effective modulus for the cracked laminate, as a
function of crack density. The effective modulus is equivalent to the net stress
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Table 1.
Material properties of the two composite systems*

Reduced stiffness Glass/epoxy AS-4-3502
Layer I:

¢ 15784.4 11631.8
¢ 15784.4 11631.8
c12 6629.4 4884.3
C66 4580 4200
Layer 2:

c11 42903.8 145660
2 15784.4 11631.8
ci2 4012.6 2891.1
c66 3400 4790

Gic 250 J/m?

Layer thickness 0.203 mm 0.127 mm

*The values are taken from [1, 19].

divided by the average strain (2’ in the uncracked plies. All the results are derived
from a displacement controlled condition, i.e. a forced displacement at x = [. The
net stress o, can be expressed as:

J) e, vy dy + [ (0, y)dy

=4, 33
H+n ! (33)
thus the effective modulus:
Oy
Ex

By inserting the solution for the strain field in equation (5), and normalise the axial
modulus by the modulus of the uncracked structure, the stiffness degradation can be
written as:

E. W [igcosh(dp)((cosh(hpt) — Wa)] — Wal

= , (35)
E.o Eoug

where
oz
W =cB. W=14—, WU=c]C+ce (36)
(04 .

The modulus degradation for glass fibre/epoxy and carbon fibre/epoxy is shown
in Figs 47, where the present model is compared to the shear lag predictions, and
the lower bound predictions given by Hashin’s model. In addition to the analytical
solution, several finite element analyses were carried out, to verify the predictions in
the analytical solution. The finite element model is depicted in Fig. 2. To predict the
stiffness decrease, only the mechanical load case has to be solved. This is because
the residual stresses make no contribution to the resultant stress due to a mechanical
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load case. A similar prediction of the axial coefficient of thermal expansion can
be made by examining the average strain in the uncracked layer due to a thermal
load AT:

a AT =u® (1, 1),
(37)

B
T(COSh(Ad,tl) ~ W) sinh(Asl) + C

Oy

50 AT[OI.\-()

In all lay-ups, the present model predictions were between Hashin’s lower bound
solution, and the shear-lag model. The finite element solution and the model
have the largest discrepancies, when the thickness ratio of the two plies /1,
and the relative stiffness E'"/E® between the two layers are small. Thus, the
model predicts the stiffness decrease for all the carbon fibre laminates very well,
compared to the experimental data, and the finite element solution is close to
the predictions. For the glass fibre/epoxy experimental data given by Highsmith
and Reifsnider [1], there are discrepancies between Hashin’s and our model. The
present model assumes a uniform displacement of u(vz)(x, ty + 1), which is more
correct for a stiff uncracked layer, such as carbon fibre/epoxy, and less correct
for the softer glass fibre/epoxy outer layer. The crack density vs applied stress
data in Fig. 9 give rise to speculations because, between 150 and 300 MPa, only
a small change in crack density is observed, and the curve levels off quite early
at a crack density of 0.8. Generally, the crack growth curve may be influenced
by other modes of failure which emerge at higher load levels. For experimental
values of the stiffness decrease and crack densities vs applied stress, the effect of
other failure modes can be quite significant. Interlaminar delaminations can give
rise to large decreases in stiffness, leading to an overestimation by the analytical
models, of the stiffness decrease. Also, the delamination process increases the
intermediate crack length leading to a CDS different from the analytical CDS.
Thus, the stiffness decrease at high load levels can be higher than expected from
pure matrix cracking, which can explain the perfect fit of the lower bound solution
and the experimental data in Fig. 9. Other failure modes such as delaminations
are not taken into account in our or Hashin’s approach. The crack density as a
function of applicd stress given from the model lies between the almost identical
predictions of Hashin and Varna and the predictions of the shear-lag model. The
value of G; = 250 J/m’ is given by Highsmith and Reifsnider [1], but one
can discuss the accuracy of this value. The material ‘parameter’” AU, can be
assigned to fit the first crack or to fit the steep part of the experimental curve.
To provide accurate values of AUy one must find the value AUj, which gives
the overall best fit for data obtained from tests on different thickness ratios of
the layers and load levels, to provide the characteristic damage state for ecach

lay-up.
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Figure 4. Stiffness degradation as a function of crack density for a glass fibre/epoxy [0/903]s lay-up
(data taken from [1]).
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Figure 5. Stiffness degradation as a function of crack density for a carbon AS4/epoxy [0/90, /0]t

lay-up (data taken from | 19]).
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Figure 6. Stiffness degradation as a function of crack density for a carbon AS4/epoxy 0/904 /0]t
lay-up (data taken from [19]).
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Figure 7. Stiffncss degradation as a function of crack density for a carbon AS4/epoxy [0/90g /0]
lay-up (data taken from [19]).
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Figure 10. Normalized strain energy [GPa/({(f] + 12)5%)] due to pure mechanical loading.
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6. CONCLUSION

The main goal for this paper was to develop a model for the strain and stress field
in the region between two cracks in a cross-ply structure in tensile loading. The
validity of the current model was investigated by comparing the stiffness reduction,
as a function of crack density, given by the model and by numerical finite element
results. Existing models such as Hashin’s complementary energy approach were
also compared to the our results. The current model assumes a displacement
field, thus an upper bound solution, by minimising the potential energy. The
crack front shape is allowed to deform freely, making it possible to minimise the
strain energy with respect to the crack opening displacement function. The current
model predictions are always between the shear-lag model and the lower bound
solutions. For very large thickness ratio of the two plies 1,/¢; and large relative
stiffness E"/E{?| the present model underestimates the stiffness decrease for the
glass fibre/epoxy data, but shows excellent fit for all the carbon fibre lay-ups. This
method has also been used to predict three-dimensional cracking, such as in [£6]s-
lay-ups, showing very good correlation between stiffness decrease measurements
on angle-ply filament wound pipes, and 3D-model predictions.
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